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Abstract
We show that there is no complex structure in a neighborhood of the
space of orthogonal almost complex structures on the sphere S2n, n > 1. The
method is to study the first Chern class of vetcor bundle T (1,0)S2n.
In [4], we showed that the orthogonal twistor space J˜ (S2n) of the sphere S2n
is a Kaehler manifold and an orthogonal almost complex structure Jf on S
2n is
integrable if and only if the corresponding section f : S2n → J˜ (S2n) is holomorphic.
These shows there is no orthogonal complex structure on the sphere S2n for n > 1.
We can show that the first Chern class of the vector bundle TH(1,0)J˜ (S2n) can
be represented by the Kaehler form of J˜ (S2n) with a constant as coeifficient. Thus
c1(T
(1,0)S2n) = f ∗c1(T
H(1,0)J˜ (S2n)) ∈ H2(S2n) is non-zero if the map f : S2n →
J˜ (S2n) is holomorphic. In following we show that there is no complex structure in
a neighborhood of the twistor space J˜ (S2n), the method is to study c1(T (1,0)S2n).
Let 〈 , 〉 be the canonical Riemanian metric on the sphere S2n and Jf be an
almost complex structure.
ds2f (X, Y ) = 〈X, Y 〉f =
1
2
〈X, Y 〉+ 1
2
〈JfX, JfY 〉, X, Y ∈ TS2n ⊗C
defines a Hermitian metric on TS2n ⊗C. Let e˜1, · · · , e˜2n be local 〈 , 〉-orthonormal
frame fields on S2n, ω˜1, · · · , ω˜2n be their dual. The almost complex structure Jf can
be represented by Jf =
∑
e˜iJijω˜
j, Jf (X) =
∑
e˜iJijω˜
j(X), the Hermitian metric
can be represented by
ds2f =
1
2
∑
(δij +
∑
JkiJkj)ω˜
i ⊗ ω˜j.
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Remark Let (Pij) be the positive definite symmetric matrix such that (Pij)
2 =
1
2
(δij +
∑
JkiJkj). The tensor field P =
∑
e˜iPijω˜
j is well defined. For any 〈 , 〉f -
orthogonal almost complex structure J1 and X, Y ∈ TS2n, we have
〈PX, PY 〉 = 〈X, Y 〉f ,
〈PJ1P−1X,PJ1P−1Y 〉 = 〈J1P−1X, J1P−1Y 〉f = 〈X, Y 〉.
These shows the almost complex structure PJ1P
−1 preserves the metric 〈 , 〉.
By the proof of Theorem 2.4 in [4], there are local 〈 , 〉-orthonormal frame fields
e¯1, e¯2, · · · , e¯2n and their dual ω¯1, · · · , ω¯2n such that
Jf =
∑ √
1 + λ2i (e¯2iω¯
2i−1 − e¯2i−1ω¯2i) +
∑
λi(e¯2i−1ω¯
2i−1 − e¯2iω¯2i).
Set e˜2i−1 =
√
2
2
(e¯2i−1 + e¯2i), e˜2i =
√
2
2
(−e¯2i−1 + e¯2i), we have
Jf =
∑
(λi +
√
1 + λ2i )e˜2iω˜
2i−1 +
∑
(λi −
√
1 + λ2i )e˜2i−1ω˜
2i.
Then we have P =
2n∑
k=1
µke˜kω˜
k, where
µ2i−1 =
(
1 + λ2i + λi
√
1 + λ2i
) 1
2
, µ2i =
(
1 + λ2i − λi
√
1 + λ2i
) 1
2
.
Set ek =
1
µk
e˜k, we have Jf(e2i−1) = e2i, (PJfP
−1)(e˜2i−1) = e˜2i. ✷
Let ∇f be the Riemannian connection of the metric 〈 , 〉f and e1, · · · , e2n be Jf -
frame fields, 〈ei, ej〉f = δij , Jfe2i−1 = e2i, ω1, · · · , ω2n be their dual, Jfω2i−1 = −ω2i.
Let
∇f (e1, · · · , e2n−1, e2, · · · , e2n)t = ω(e1, · · · , e2n−1, e2, · · · , e2n)t,
where ω =
(
A B
C D
)
be the connection matrix, Ω = dω − ω ∧ ω the curvature
matrix. B + C = A−D = 0 if Jf is integrable and ∇f a Kaehler connection.
Lemma 1 Jf is a complex structure if and only if Jf (B + C) = A−D.
Proof Let Zi = e2i−1 −
√−1e2i, Zi¯ = e2i−1 +
√−1e2i be the (1, 0) and (0, 1)
frame fields on S2n, i = 1, · · · , n. Then we have
∇f
(
Zi
Zi¯
)
= ∇f
(
I −√−1I
I
√−1I
)(
e2i−1
e2i
)
=
1
2
(
I −√−1I
I
√−1I
)(
A B
C D
)(
I I√−1I −√−1I
)(
Zi
Zi¯
)
=
1
2
(
A +D +
√−1(B − C) A−D −√−1(B + C)
A−D +√−1(B + C) A +D −√−1(B − C)
)(
Zi
Zi¯
)
.
2
The vector bundle T (1,0)S2n is generated by Z1, · · · , Zn. As shown in [1], [4], the
almost complex structure Jf is integrable if and only if ∇fXY ∈ Γ(T (1,0)S2n) for any
X, Y ∈ Γ(T (1,0)S2n). Then Jf is integrable if and only if A−D −
√−1(B + C) are
formed by (0, 1)-forms, that is
Jf(B + C) = A−D. ✷
Lemma 2 The first Chern class of T (1,0)S2n can be represented by
c1(T
(1,0)S2n) = − 1
4pi
tr(ΩJ0 + ω ∧ ωJ0),
where J0 =
( −I
I
)
.
Proof With notations used above, the induced connection ∇f on T (1,0)S2n is
∇fZi =
∑
ψki Zk,
where ψki =
1
2
∑
(ω2k−12i−1 + ω
2k
2i +
√−1(ω2k2i−1− ω2k−12i )) and the curvature forms Ψki =
dψki −
∑
ψ
j
i ∧ ψkj , ψki + ψik = 0, Ψki + Ψik = 0. The first Chern class of the vector
bundle T (1,0)S2n can be represented by
c1(T
(1,0)S2n) =
√−1
2pi
∑
Ψii.
By
∑
ψ
j
i ∧ψij = −
∑
ψij ∧ψji = 0 and
∑
dω2i2i−1 =
1
2
tr(dωJ0) =
1
2
tr(ΩJ0+ω∧ωJ0),
we have
c1(T
(1,0)S2n) = − 1
4pi
tr(ΩJ0 + ω ∧ ωJ0). ✷
As [4], let J (S2n) be the twistor space on S2n, its sections are the almost complex
structures on S2n.
Theorem 3 When n > 1, there is no complex structure in a neighborhood of
the space J˜ (S2n).
Proof By
ω + J0ωJ0 =
(
A−D B + C
B + C −A+D
)
, J0ω − ωJ0 =
( −B − C A−D
A−D B + C
)
,
we see that the equation Jf (B + C) = A − D is equivalent to Jf(ω + J0ωJ0) =
J0(ω + J0ωJ0). Then, if Jf is integrable, we have
tr(ω ∧ ωJ0)
=
1
4
tr[(ω + J0ωJ0) ∧ (ωJ0 − J0ω)]
= −tr[(B + C) ∧ Jf(B + C)]
= tr[(B + C) ∧ Jf (B + C)t].
3
The sectional curvature of the metric 〈 , 〉 on S2n is constant, Ωlk = −ωk ∧ ωl.
Then if Jf is a 〈 , 〉-orthogonal complex structure, we have
tr(ΩJ0) + tr(ω ∧ ωJ0)
=
∑
2ω2i−1 ∧ Jfω2i−1 +
∑
(ω2j2i−1 + ω
2j−1
2i ) ∧ Jf(ω2j2i−1 + ω2j−12i ).
For any X ∈ TS2n, we have
[tr(ΩJ0) + tr(ω ∧ ωJ0)](X, JfX)
= −∑ 2([ω2i−1(X)]2 + [ω2i(X)]2)
−∑ [(ω2j2i−1 + ω2j−12i )(X)]2 −∑ [(ω2j−12i−1 − ω2j2i )(X)]2.
Then 2-form tr(ΩJ0 + ω ∧ ωJ0) are non-degenerate everywhere and S2n becomes a
symplectic manifold, this contradict to the fact of H2(S2n) = 0 for n > 1. As the
Riemannian curvature is continuous with the Riemannian metric, these shows there
is a neighborhood of J˜ (S2n) in J (S2n) such that there is no complex structure in
this neighborhood. ✷
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